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In a recent paper [Phys. Rev. D 92, 084012 (2015)], the author studied the classical (1þ 1)-dimensional
Friedmann-Robertson-Walker (FRW) universe filled with a perfect fluid in the Horˇava-Lifshitz (HL) theory
of gravity. This theory is dynamical due to the anisotropic scaling of space and time. It also resembles the
Jackiw-Teitelboim model, in which a dilatonic degree of freedom is necessary for dynamics. In this paper,
I will take one step further in the understanding of (1þ 1)-dimensional HL cosmology by means of
the quantization of the FRW universe filled with a perfect fluid with the equation of state (EoS) p ¼ wρ.
The fluid will be introduced in the model via Schutz formalism and Dirac’s algorithm will be used for
quantization. It will be shown that the Schrödinger equation for the wave function of the universe has the
following properties: for w ¼ 1 (radiation fluid), the characteristic potential will be exponential, resembling
Liouville quantum mechanics; for w ≠ 1, a characteristic inverse square potential appears in addition to a
regular polynomial that depends on the EoS. Explicit solutions for a few cases of interest will be found and
the expectation value of the scale factor will be calculated. As in usual quantum cosmology, it will be
shown that the quantum theory smooths out the big-bang singularity, but the classical behavior of the
universe is recovered in the low-energy limit.
DOI: 10.1103/PhysRevD.93.104024
I. INTRODUCTION
In recent years, Horˇava-Lifshitz theory [1] has become a
valuable alternative theory of gravity. The theory is power
countable renormalizable [2] with an anisotropic scaling of
the space and time coordinates of the form
t → bzt; xi → bxi ði ¼ 1;…; dÞ; ð1Þ
where z denotes the dynamical critical exponent. When
z ≠ 1, the Lorentz symmetry is explicitly broken. However,
even not exhibiting relativistic invariance at short distances,
general relativity (GR) is recovered in the low-energy limit.
In cosmological models, HL theory has interesting conse-
quences. It can solve the horizon and flatness problem and
can generate scale-invariant perturbations for the early
Universe even without inflation [3–5]. Moreover, due to
high order curvature terms, bouncing and cyclic universes
appear as regular solutions [6].
In (1þ 1) dimensions, the HL action fails to be a
topological invariant, giving rise to a dynamical theory
[7], unlike Einstein’s gravity, which is nondynamical in two
dimensions. Cosmology in (1þ 1)-dimensional HL theory
was studied in Ref. [8]. It was shown that it is very similar
to the Jackiw-Teitelboim model [9,10] (where a dilaton
scalar field is necessary for dynamics), in the sense that the
evolution of the scale factor in both cases is the same. Since
two-dimensional HL theory is dynamical, it is amenable to
quantization.
Quantum cosmology is based on the Wheeler-DeWitt
equation [11], whose solution is the wave function of the
universe as awhole.Generally, theWheeler-DeWitt equation
is very difficult to handle, since it is defined in the superspace
of all possible spatial metrics and all possible field configu-
rations. However, the symmetries of the homogeneous FRW
universe allow us to freeze out all but a finite number of
degrees of freedom. The remaining degrees of freedom can
then be quantized by canonical methods. Another problem
with theWheeler-DeWitt equation is the absence of a natural
time. The Hamiltonian constructed using the Arnowitt-
Deser-Misner [12] formalism is a constraint, with no first
derivative playing the role of time. This problem is generally
circumvented with the introduction of matter (a fluid, for
example) in the model. In this way, time is measured by a
dynamical degree of freedom related to the matter content.
The standardway to introduce a fluid in quantum cosmology
is via Schutz formalism [13,14]. When applied to a FRW
universe, this formalism gives rise to at least one linear
conjugated momentum in the Hamiltonian. In this way, a
parameter of time is introduced in the model and a
Schrödinger-like equation can be obtained.
Quantization of the FRW universe filled with a perfect
fluid in (1þ 3)-dimensional HL theory was performed in
Refs. [15,16]. In [15], it was shown that one of the main
problems of quantum cosmology, namely, the necessity of a
boundary condition for the Wheeler-DeWitt equation at the
big-bang singularity, is solved in HL theory. The higher
order spatial curvature terms in HL quantum cosmology
introduce a repulsive potential near a ¼ 0 (a is the scale*pitelli@ime.unicamp.br
PHYSICAL REVIEW D 93, 104024 (2016)
2470-0010=2016=93(10)=104024(7) 104024-1 © 2016 American Physical Society
factor), which shields the classical singularity so that
quantum wave packets simply bounce off this barrier. In
[16], exact solutions of the Wheeler-DeWitt equation were
obtained and the expectation value of the scale factor was
analyzed, showing a bouncing behavior near the classical
singularity.
In [7], the (1þ 1)-dimensional FRW universe was
quantized when only gravity is present and when gravity
couples to a scalar field. It was shown that, in both cases,
Dirac’s algorithm works and normalizable wave functions
for some operator orderings were exhibited. In this paper,
the minisuperspace model of a FRW universe filled with a
perfect fluid is quantized. The Hamiltonian constraint,
which leads to the Wheeler-DeWitt equation, was already
obtained in [8]. It depends on the scale factor a, its
conjugated momentum pa, and the conjugated momentum
pT of a dynamical degree of freedom of the fluid. However,
unlike in standard quantum mechanics, the Hamiltonian
constraint in FRW models does not lead to a unique
ordering due to the noncommutativity of aˆ and pˆa.
Different orderings give rise to different transitions between
the classical and the quantum theory. By some physical
motivation, one must choose a specific operator ordering.
Here I show that, with a particular operator ordering, the
Wheeler-DeWitt equation is in Sturm-Liouville form. By
performing a Liouville transformation to this equation, an
equivalent Schrödinger equation is found and its character-
istic potential is analyzed. For a radiation fluid with EoS
p ¼ ρ, the wave function of the universe satisfies the free
particle Schrödinger equation when the cosmological con-
stant Λ is null. When Λ ≠ 0, an exponential (Liouville)
potential appears. For p ¼ wρ and w ≠ 1, the Schrödinger
equation has a characteristic inverse square potential, in
addition to a regular polynomial, which depends on the
EoS. Unlike the (1þ 3)-dimensional case, there is an
infinite number of possible boundary conditions. In order
to find explicit solutions for some solvable cases, the
Friedrichs boundary condition [17] is chosen. Then I
compare the expectation values of the scale factor with
the classical ones obtained in [8].
This paper is organized as follows: in Sec. II, the
Hamiltonian constraint of the (1þ 1)-dimensional FRW
universe filled with a perfect fluid will be found. This
section is based on Refs. [7] and [8]. In Sec. III, I will
proceed with the canonical quantization of the model, by
finding a Schrödinger-like equation that comes from the
Hamiltonian constraint by means of a particular choice of
operator ordering. By performing a Liouville transforma-
tion of this equation, the corresponding Schrödinger
equation will be found and analyzed. In Sec. IV, some
interesting solvable cases will be studied and the evolution
of the expectation value of the scale factor will be found. A
comparison between the quantum and the classical pre-
dictions will be made. Finally, Sec. V contains my final
considerations.
II. HAMILTONIAN CONSTRAINT
The anisotropic scaling of space and time in HL theory
breaks Lorentz invariance. In this way, the HL action is no
longer a topological invariant and the theory is dynamical.
Since GR is recovered in the low-energy limit, the matter
content will be introduced in the model as in general
relativity, i.e., via Schutz formalism of perfect fluids coupled
to gravity [13,14]. Then, the total action will be given by
S ¼ SHL þ Sf, in which SHL denotes the action of the FRW
minisuperspace inHL theory andSf denotes the action of the
matter content. Given the total action, the Hamiltonian
constraint can be obtained by canonical methods.
Following Dirac’s algorithm of quantization, we associate
to this Hamiltonian constraint an operator that annihilates the
wave function of the universe. Due to the matter content,
there is a parameter of time in the model and the resulting
equation will be a Schrödinger-like equation.
In (1þ 1) dimensions, the HL action is given by [7]
SHL ¼
Z
dtdxNðtÞ
ffiffiffiffiffiffi
h11
p
ðLK − LVÞ: ð2Þ
In the above equation, NðtÞ is the lapse function, h11 is the
spatial part of the metric, LK is the kinetic term and LV is
the potential Lagrangian. The kinetic term depends
on the extrinsic curvature K11 of the constant leaves
t ¼ constant as
LK ¼ K11K11 − λK2; ð3Þ
where λ is a dimensionless constant. Note that, although λ
breaks Lorentz invariance, the action is still invariant under
the group of diffeomorphism of the spatial slices. The
potential Lagrangian LV is given by
LV ¼ −2Λ − αaiai; ð4Þ
where α is a coupling constant and ai ¼ ∂i lnN.
For the matter content, the action of a perfect fluid
coupled to gravity in Schutz formalism [13,14] is given by
Sf ¼
Z
d2x
ffiffiffiffiffiffi
−g
p
p; ð5Þ
where p is the fluid’s pressure, which in turn is related to
the fluid’s density by the EoS p ¼ wρ. The two-velocity of
the fluid depends on its specific enthalpy μ, the specific
entropy S, and two other potentials ϕ and θ with no clear
physical meaning [18]. It is given by
Uν ¼
1
μ
ðϕ;ν þ θS;νÞ: ð6Þ
By thermodynamical arguments, Lapchinski and Rubakov
[19] found that the pressure depends on the Schutz
potentials as
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p ¼ wμ
1þ1=w
ð1þ wÞ1þ1=w e
−S=w: ð7Þ
Let us consider the FRW metric
ds2 ¼ −NðtÞ2dt2 þ aðtÞ2dx2; ð8Þ
where aðtÞ is the scale factor. In this case, the extrinsic
curvature tensor is given by
K11 ¼
1
N
ð− _h11 þ 2∇1N1Þ ¼ − a _aN : ð9Þ
The two-velocity field of the fluid is Uν ¼ Nδ0ν. By Eq. (6)
we have
μ ¼

_ϕþ θ _S
N

: ð10Þ
Plugging Eqs. (9) and (10) into the total action
S ¼ SHL þ Sf leads to
S ¼
Z
dtdx

ð1 − λÞ _a
2
Na
þ 2ΛaN
þ wð1þ wÞ1þ1=w

_ϕþ θ _S
N
1þ1=w
Nae−S=w

: ð11Þ
Given the total action, we can define the conjugated
momenta
8><
>:
pa ¼ 2ð1 − λÞ _aNa ;
pϕ ¼ aμ
1=w
ð1þwÞ1=w e
−S=w;
pS ¼ θpϕ:
ð12Þ
The Hamiltonian is then given by
H ¼ pa _aþ pϕð _ϕþ θ _SÞ − L;
¼ N

ap2a
4ð1 − λÞ þ
p1þwϕ e
S
aw
− 2Λa

: ð13Þ
Note that the above expression does not contain any linear
conjugated momentum. However, if we perform the
following canonical transformation,
8>>><
>>>:
T ¼ −pSe−Sϕ−ð1þwÞ;
pT ¼ p1þwϕ eS;
ϕ ¼ ϕþ ð1þ wÞ pSpϕ ;
pϕ ¼ pϕ;
ð14Þ
we arrive at
H ¼ N

ap2a
4ð1 − λÞ þ
pT
aw
− 2Λa

: ð15Þ
The conjugated momentum pT appears linearly in the
above expression. In this way, T will be a parameter of time
after quantization. Hamilton’s equations applied to Eq. (15)
give us
8>>><
>>>:
_pT ¼ 0⇒ pT ¼ constant;
_T ¼ Naw ;
_pa ¼ N

− p
2
a
4ð1−λÞ þ 2Λþ w pTa1þw

;
_a ¼ N apa
2ð1−λÞ ;
ð16Þ
so that T is time in the gauge N ¼ aw.
Finaly, the super-Hamiltonian constraint comes from
varying the action with respect to N. It is given by
H ¼ ap
2
a
4ð1 − λÞ þ
pT
aw
− 2Λa ≈ 0: ð17Þ
III. QUANTIZATION
To proceed with Dirac’s algorithm of quantization of
constrained systems [20], we perform the substitutions
pa → −i∂=∂a and pT → −i∂=∂T and demand that the
super-Hamiltonian operator annihilates the wave function,
i.e.,HΨ ¼ 0. We still have an operator ordering ambiguity,
since aˆ and pˆa do not commute. With the operator ordering
ap2a → pˆaaˆpˆa, the resulting Schrödinger-like equation
−
1
4ð1 − λÞ
∂
∂a

a
∂ψða; TÞ
∂a

− 2Λaψða; TÞ ¼ i
aw
∂ψða; TÞ
∂T
ð18Þ
is already in the Sturm-Liouville form. Note that, in order
for the above equation to be formally self-adjoint, the inner
product must be given by
hfðaÞ; gðaÞi ¼
Z
∞
0
fðaÞgðaÞ da
aw
: ð19Þ
Given Eq. (18), we can perform a Liouville
transformation to obtain an equivalent Schrödinger
equation
−
∂2yðx; tÞ
∂x2 þ VðxÞyðx; tÞ ¼ i
∂yðx; tÞ
∂t ; ð20Þ
with corresponding inner product
hfðxÞ; gðxÞi ¼
Z
fðxÞgðxÞdx: ð21Þ
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This can be done in the following way [21]. For a Sturm-
Liouville differential equation
−ðpðaÞϕðaÞÞ0 þ qðaÞϕðaÞ ¼ λωðaÞϕðaÞ; ð22Þ
where ωðaÞ is called the weight function, we define
8>>><
>>>:
x ¼ R

ωðaÞ
pðaÞ

1=2
da;
YðxÞ ¼ ðpðaÞωðaÞÞ1=4ϕðaÞ;
VðxÞ ¼ ωðaÞ−1qðaÞ
−ðωðaÞ−3pðaÞÞ1=4fpðaÞ½ðpðaÞωðaÞÞ−1=40g0:
ð23Þ
As a result, the new function YðxÞ satisfies the differential
equation
−Y 00ðxÞ þ VðxÞYðxÞ ¼ λYðxÞ: ð24Þ
To perform the Liouville transformation in Eq. (18), two
distinct cases must be analyzed: w ¼ 1 (radiation fluid with
EoS p ¼ ρ) and w ≠ 1. In each case we must be careful if
λ < 1 or λ > 1. For λ < 1, the sign of the first term in
Eq. (18) will be negative and t ¼ T will be the natural time.
For λ > 1, the first term in Eq. (18) changes sign, so the
time will be t ¼ −T. This caution is necessary since we
want to obtain a Schrödinger equation of the form (20).
A. Case w= 1
We define the new variable
x¼
Z 
ωðaÞ
pðaÞ

1=2
da¼
ffiffiffiffiffiffi
2m
p Z
da=a¼
ffiffiffiffiffiffi
2m
p
lnðaÞ; ð25Þ
wherem¼m<≡2ð1−λÞ if λ < 1 andm ¼ m> ¼ 2ðλ − 1Þ
if λ > 1. We also define the new wave function
yðx; tÞ ¼ ðpðaÞωðaÞÞ1=4ψða; tÞ ¼ 1ð2mÞ1=4 ψða; tÞ: ð26Þ
A simple calculation shows that, in the new variable x,
the wave function yðx; tÞ satisfies
−
∂2yðx; tÞ
∂x2 þ 2 ~Λ exp

2xffiffiffiffiffiffi
2m
p

yðx; tÞ ¼ i ∂yðx; tÞ∂t ; ð27Þ
where ~Λ ¼ −Λ if λ < 1 and ~Λ ¼ Λ if λ > 1. We see an
exponential (Liouville) potential that grows with x when
~Λ > 0 and decreases without bound when ~Λ < 0. For
~Λ ¼ 0 we have a free particle Schrödinger equation.
B. Case w ≠ 1
In this case we define
8>>>>><
>>>>>:
x ¼ R

ωðaÞ
pðaÞ

1=2
da ¼ ffiffiffiffiffiffi2mp R da=a1þw2
¼ ffiffiffiffiffiffi2mp

2
1−w

a
1−w
2 ;
yðx; tÞ ¼ ðpðaÞωðaÞÞ1=4ψða; TÞ
¼ 1ð2mÞ1=4 a
1−w
4 ψða; tÞ:
ð28Þ
A direct (tedious) calculation shows that
−
∂yðx; tÞ
∂x2 þ

~Λx2ð
1þw
1−wÞ −
1
4x2

yðx; tÞ ¼ i ∂yðx; tÞ∂t ; ð29Þ
where we define
~Λ≡ −2Λð2m<Þ−1þw1−w

1 − w
2

2ð1þw
1−wÞ
if λ < 1;
~Λ≡ 2Λð2m>Þ−1þw1−w

1 − w
2

2ð1þw
1−wÞ
if λ > 1: ð30Þ
Note that the resulting potential has a regular polynomial
factor x2ð
1þw
1−wÞ, plus an inverse square potential − 1
4x2, which
does not depend on the EoS.
IV. SOME SOLVABLE CASES
In this section, a few cases of interest will be analyzed. In
particular, the cases w ¼ 1 (radiation fluid), w ¼ 0 (dust),
and w ¼ −1 (dark energy) will be studied, since explicit
solutions can be found in these cases. The expectation
values of the scale factors in each case will be found and
compared with the classical predictions of Ref. [8].
A. Case w= 1 (radiation)
1. Λ= 0
In this case, the equivalent Schrödinger equation becomes
−
∂2yðx; tÞ
∂x2 ¼ i
∂yðx; tÞ
∂t : ð31Þ
This is just the free particle Schrödinger equation. No
boundary conditions are necessary at x ¼ ∞, since square
integrability is sufficient to uniquely determine the solution.
By a separation of variables yðx; tÞ ¼ XðxÞe−iEt we have
XkðxÞ ¼ eikx, so that
ykðx; tÞ ¼ eikxe−ik2t; ð32Þ
where k2 ¼ E. A wave packet
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yðx; tÞ ¼
Z
∞
−∞
ykðx; tÞAðkÞdk ð33Þ
can then be constructed by choosing AðkÞ ¼ e−γk2 , with
γ > 0. This leads to
yðx; tÞ ¼
Z
∞
−∞
eikxe−ik
2te−γk
2
dk
¼
ffiffiffiffiffiffiffiffiffiffiffi
π
itþ γ
r
e−
x2
4ðitþγÞ: ð34Þ
We thus have, in terms of the original variable a,
Ψða; tÞ ¼ ð2mÞ1=4
ffiffiffiffiffiffiffiffiffiffiffi
π
itþ γ
r
e−
mðln aÞ2
2ðitþγÞ : ð35Þ
The expectation value of the scale factor is given by
haiðtÞ ¼
R∞
0 ajΨða; TÞj2 daaR
∞
0 jΨða; tÞj2 daa
¼ eγ
2þt2
4mγ : ð36Þ
This shows a universe bouncing from a contraction epoch
to an expansion era. However, t is not the cosmic time.
In fact, t is related to the cosmic time τ by dτ ¼
NðtÞdt ¼ haiðtÞdt. We see that the cosmic time cannot
be expressed in terms of elementary functions. Therefore, τ
is found numerically and the behavior of haiðτÞ is showed
graphically in Fig. 1. Note that, as τ → ∞, haiðτÞ
approaches a straight line. In Ref. [8] we see that the
classical solution, i.e., the solution of Eq. (16), is given by
aðτÞ ¼ Aþ Bτ: ð37Þ
Therefore, for asymptotically large universes we recover
the classical behavior of the universe.
2. Λ ≠ 0
By Eq. (27), we see that the potential of the Schrödinger
equation in the ðx; tÞ variables has the form VðxÞ ¼
2 ~Λ expð 2xffiffiffimp Þ. Since analytical solutions can only be found
when the exponential potential grows with x, I will,
therefore, confine myself to two possibilities: Λ > 0 for
λ < 1 and Λ < 0 for λ > 1. In this way, the normalized
eigenstates are given by (see Ref. [22])
ΨEða; tÞ ¼ ð2mÞ1=4

2
ffiffiffiffi
m
p
π
sinh πjνj

1=2
× Kνð2
ffiffiffiffiffiffiffiffiffiffi
jΛjm
p
aÞe−iEt; ð38Þ
where ν ¼ i ffiffiffiffiffiffiffiffiffi2Emp and Kν is the modified Bessel function
of order ν. It can be shown that the spectrum of energy is
continuous and E ¼ 0 is a greatest lower bound. However,
I was not able to find an explicit solution in this case.
B. Case w = 0 (dust)
1. Λ= 0
The interesting feature with this case is that the same
Schrödinger equation in Liouville form works for every
fluid with EoS p ¼ wρ, namely,
−
∂2yðx; tÞ
∂x2 −
1
4x2
yðx; tÞ ¼ i ∂yðx; tÞ∂t ; ð39Þ
where x ¼ ffiffiffiffiffiffi2mp ð 2
1−wÞa
1−w
2 and yðx; tÞ ¼ 1ð2mÞ1=4 a
1−w
4 ψða; tÞ.
With this potential, a boundary condition is necessary in
order to solve Eq. (39). In Ref. [23], this problem has been
solved and every possible boundary condition has been
found. In order to obtain an explicit solution to the problem,
I will choose a particular boundary condition, namely, the
Friedrichs boundary condition. For this boundary condi-
tion, the energy spectrum is continuous and positive. The
propagator respecting the Friedrichs boundary condition
can be found in Ref. [24] and is given by
Gðx; x0; tÞ ¼ 1
2t
ffiffiffiffiffiffi
xx0
p
i−1ei
x2þx02
4t J0

xx0
2t

; ð40Þ
where J0 is the zeroth order Bessel function.
Given an initial wave packet yðx; 0Þ, we can find the
solution yðx; tÞ by means of the integral
yðx; tÞ ¼
Z
∞
0
Gðx; x0; tÞyðx0; 0Þdx0: ð41Þ
Choosing yðx; 0Þ ¼ x1=2e−γx2 , with γ > 0, we have
FIG. 1. Behavior of the expectation value of the scale factor as a
function of the cosmic time τ. We considered λ ¼ 1=2 and γ ¼ 1
in Eq. (36). The continuous line represents haiðτÞ, while the
dashed line represents the asymptotic behavior of haiðτÞ.
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yðx; tÞ ¼ x
1=2i−1
4γt − i
e
ix2
4t e
− x2
16γt2−4it: ð42Þ
For w ¼ 0 we have x ¼ 2 ffiffiffiffiffiffi2mp a1=2 and ψða; tÞ ¼
ð2mÞ1=4a−1=4yðx; tÞ by Eq. (28). The wave function
ψða; tÞ is then given by
ψða; tÞ ¼
ffiffiffi
2
p ffiffiffiffiffiffi
2m
p
i−1
4γt − i
ei
2ma
t e
− 2ma
4γt2−it: ð43Þ
The expectation value of the scale factor can be
found to be
haiðtÞ ¼
R
∞
0 ajψða; tÞj2 daa0R∞
0 jψða; tÞj2 daa0
¼ 1þ 16γ
2t2
16γm
: ð44Þ
Since the scale factor is given by dτ ¼ Ndt and N ¼ a0,
t ¼ τ in this case. Therefore, the expectation value of the
scale factor as a function of the cosmic time τ is given by
haiðτÞ ¼ 1þ 16γ
2τ2
16γm
: ð45Þ
The classical solution in this case [see Ref. [8] and Eq. (16)]
is given by
aðτÞ ¼ Aþ Bτ − pT
2
τ2: ð46Þ
Note that the quantum theory smooths out the classical
singularity, giving a bouncing model with an even expect-
ation value of the scale factor.
2. Λ ≠ 0
In this case, the potential of the Schrödinger equation of
the universe has the form VðxÞ ¼ ½ ~Λx2 þ 1
4x2. Analytical
solutions can be found for potentials of the form
VðxÞ ¼ x2 − 1
4x2. In this way, I consider the cases Λ > 0
if λ < 1 and Λ < 0 if λ > 1. We arrive at the following
Schrödinger equation:
−
∂2yðx; tÞ
∂x2 þ

j ~Λjx2 − 1
4x2

yðx; tÞ ¼ i ∂yðx; tÞ∂t : ð47Þ
The propagator for the above equation can be found in
[24] and is given by
Gðx;x0;tÞ¼
ffiffiffiffiffi
j ~Λ
q
j ffiffiffiffiffiffixx0p i−1
sin

2
ffiffiffiffiffiffiffiffi
j ~Λjt
q exp
2
4i
ffiffiffiffiffiffi
j ~Λj
q
2
cot

2
ffiffiffiffiffiffiffiffi
j ~Λjt
q 
ðx2þx02Þ
3
5
×J0
0
@
ffiffiffiffiffiffi
j ~Λj
q
xx0
sinð2
ffiffiffiffiffi
j ~Λ
q
jtÞ
1
A: ð48Þ
By choosing an initial wave packet yðx; 0Þ ¼ x1=2e−σx2 ,
with σ > 0, we have
yðx; tÞ ¼
Z
∞
0
Gðx; x0; tÞyðx0; 0Þdx0
¼
i−1
ffiffiffiffiffiffiffiffi
j ~Λjx
q
2σ sin

2
ffiffiffiffiffiffi
j ~Λj
q
t

− i
ffiffiffiffiffiffi
j ~Λj
q
cos

2
ffiffiffiffiffiffi
j ~Λj
q
t
 exp
2
64
ffiffiffiffiffiffi
j ~Λj
q
x2

−i
ffiffiffiffiffiffi
j ~Λj
q
þ σ tan
 ffiffiffiffiffiffi
j ~Λj
q
t

− σ cot
 ffiffiffiffiffiffi
j ~Λj
q
t

2
ffiffiffiffiffiffi
j ~Λj
q
cot

2
ffiffiffiffiffi
j ~Λ
q
t

þ 4iσ
3
75: ð49Þ
Since x ¼ 2 ffiffiffiffiffiffi2mp a1=2 and ψða; tÞ ¼ ð2mÞ1=4a−1=4yðx; tÞ we have the following expression for the wave function ψða; tÞ
of the universe:
ψða; tÞ ¼
2i−1
ffiffiffiffiffiffiffiffiffiffi
j ~Λjm
q
2σ sin

2
ffiffiffiffiffiffi
j ~Λj
q
t

− i
ffiffiffiffiffiffi
j ~Λj
q
cos

2
ffiffiffiffiffiffi
j ~Λj
q
t
 exp
2
648m
ffiffiffiffiffiffi
j ~Λj
q
a

−i
ffiffiffiffiffiffi
j ~Λj
q
þ σ tan
 ffiffiffiffiffiffi
j ~Λj
q
t

− σ cot
 ffiffiffiffiffiffi
j ~Λj
q
t

2
ffiffiffiffiffiffi
j ~Λj
q
cot

2
ffiffiffiffiffi
j ~Λ
q
t

þ 4iσ
3
75: ð50Þ
The expectation value of the scale factor as a function of
the cosmic time τ is then given by
haiðτÞ ¼
4σ2sin2

2
ffiffiffiffiffiffi
j ~Λj
q
τ

þ j ~Λjcos2

2
ffiffiffiffiffiffi
j ~Λj
q
τ

16mj ~Λjσ : ð51Þ
This shows an oscillatory behavior as predicted by the
classical theory [8]. Once again the big-bang singularity is
smoothed and the expectation value of the scale factor is an
even function of the cosmic time.
C. Case w= − 1 (dark energy)
1. Λ= 0
In this case x ¼ ffiffiffiffiffiffi2mp a and ψða; tÞ ¼ ð2mÞ1=4a−1=2y
ðx; tÞ by Eq. (28). By Eq. (49), the wave function ψða; tÞ
becomes
ψða; tÞ ¼
ffiffiffiffiffiffi
2m
p
i−1
4γt − i
ei
ma2
2t e
− 2ma2
16γt2−4it: ð52Þ
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The expectation value of the scale factor is given by
haiðtÞ ¼
R∞
0 ajψða; tÞj2 daa−1R
∞
0 jψða; tÞj2 daa−1
¼
ffiffiffi
π
p
4
ffiffiffiffiffiffi
mγ
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16γ2t2
q
: ð53Þ
The proper time τ can be found from dτ ¼ a−1dt. It is
given by
τ ¼
ffiffiffiffiffi
m
πγ
r
arcsinhð4γtÞ: ð54Þ
Therefore, the expectation value of the scale factor as a
function of the cosmic time has the form
haiðτÞ ¼
ffiffiffi
π
p
4
ffiffiffiffiffiffi
mγ
p cosh
 ffiffiffiffiffi
πγ
m
r
τ

: ð55Þ
This inflationary universe is what we expect from a fluid
with equation of state p ¼ −ρ.
2. Λ ≠ 0
In this case we have
−
∂yðx; tÞ
∂x2 þ

~Λ −
1
4x2

yðx; tÞ ¼ i ∂yðx; tÞ∂t : ð56Þ
The only effect of ~Λ is to shift the energy; i.e., if yðx; tÞ is a
solution of the above equation with ~Λ ¼ 0, then yðx; tÞe−i ~Λt
is a solution of the above equation with ~Λ ≠ 0. Therefore,
the scale factor does not change and it is still given
by Eq. (55).
V. CONCLUSIONS
In this paper, the (1þ 1)-dimensional FRW universe
filled with a perfect fluid in HL theory has been quantized.
The resulting Schrödinger equation of the universe has
some interesting properties. For a radiation fluid, it corre-
sponds to a free particle equation when the cosmological
constant is null and has a Liouville potential when Λ ≠ 0.
For all other kinds of fluids, the Schrödinger equation has a
potential composed of a characteristic inverse square
potential, not depending on the EoS, plus a regular
polynomial (when Λ ≠ 0) that depends on the equation
of state.
A few solvable cases were studied and the evolution of
the scale factor was found. Consistency with the classical
predictions found in Ref. [8] was proved. In all cases, the
universe bounces around the big-bang singularity a ¼ 0
and tends to the classical universe when the cosmological
time τ goes to infinity. This also happens in usual quantum
cosmology [25]. In this way, in GR and in HL theory,
quantization seems to smooth out the big-bang singularity
at a ¼ 0, while still retaining the classical behavior as the
universe becomes asymptotically large.
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